HIGHER ORDER RIESZ TRANSFORMS IN THE ULTRASPHERICAL 
SETTING AS PRINCIPAL VALUE INTEGRAL OPERATORS 
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(N 

^~>' Abstract. In this paper we represent the fc-th Riesz transform in the ultraspherical setting as 

C^ ■ 

a principal value integral operator for every fc G N. We also measure the speed of convergence 

of the limit by proving L*'-boundedness properties for the oscillation and variation operators 

associated with the corresponding truncated operators. 



1. Introduction 



< 

u 

Cd . Muckenhoupt and Stein [10] introduced a notion of conjugate functions associated with 

ultraspherical expansions. In this setting the conjugate function appears as a boundary value 

of a conjugate harmonic extension associated with a suitable Cauchy-Riemann type equations. 

> ' 

^vQ ■ Assume that A > 0. For every n G N, we denote by P„ the ultraspherical polynomial of 

,—1. I degree n ([14]). These polynomials are defined by the generating relation 

^: 

o: '=° 

The sequence {P^{cos6)}neN is orthogonal and complete in the space L?{{Q,-K),dm\{6)), 

where dm\{6) = ismO) dO. When 2X = k — 2, with A; G N, the A-ultraspherical polynomial 

$H ' P^, ?T- € N, arises in the Fourier analysis of functions in the surface of the n-Euclidean space 

C^ ' 

sphere that are invariant under the rotations leaving a given axis fixed. 

For every n G N, P^{cos9) is an eigenfunction of the operator 

d'^ , ^d 

associated with the eigenvalue //„ = (n + A)^. The operator Lx can be written as follows 



L;^ = --^-^ - 2A cot 9^ + A^ 



---i^y^-^- 



Date: May 11, 2010. 

2000 Mathematics Subject Classification. 42C05 (primary), 42C15 (secondary). 

This paper is partially supported by MTM2007/65609. 



2 J. BETANCOR, J.C. FARINA, L. RODRIGUEZ-MESA, AND R. TESTONI 

— ) = -77: + 2Acot6' denotes the formal adjoint of — in L^((0,7r), (i?TiA(^))- 
da J da da 

In [1] Buraczewski, Martinez, Torrea and Urban defined a Riesz transform in the ultras- 
pherical setting associated to Lx. Note that this operator L\ is slightly different than the one 
considered by Muckenhoupt and Stein (see [10, p. 23]). In [1] the authors follow the ideas 
developed in the monography of Stein [13]. 

Suppose that / G L'^{{0,TT),dmx{6))- The ultraspherical expansion of / is 

where, for every n G N, 

Jo \\Pn [cos ■)\\L^(0,n),dra^{9)) 

The Poisson integral Pf{f), t > 0, is given by 

^ ll^n(cOS-)||L2((0,7r),dm;,(e)) 

According to [10, (2.12)] we can write 

(1) PiV(^) = r r^Px{e~', e, ^)f{^)dmx{^), t > 0, 

Jo 

where, for each < r < 1 and 9,(p (i (0, vr), 

Pxir,9,^) = ^{l-r') r ^ .„..„...„. '^"'^!! .. ,...,^. dt. 



TT Jq (1 — 2r(cos^cosc^ + sin^sinc^cos t) + r2)''*+^ 

The L^-boundedness properties for these Poisson integrals and the corresponding maximal 
operator were established in [1, Theorem 2.4] (see also [10, Theorem 2]). For every a > 0, the 
fractional power L^° of the operator Lx is defined by 

^r/W = f(^y^ e-*^/(0)t2"-idt, feL\{0,7T),dmx{e)). 

By using (1) we get, for every a > and / G L'^{{0,TT),dmxi9)), 

CI f t Q\ II iDXt„—t a , ^\ f f , ^\ J,.^ /'„\j-2a— 1, 



^r/W = f(^)J^ J^ P\e-\9,^)f{^)dmx{v)t'"~'dt 

= j^ f^^^Y\2a)i ^^(^'^'V')(^log-J -drdmxi^). 

Following [13] the Riesz transform of order A: G N, i?^, is defined as 



d' 



k 



Pxf - ^^a'/' 
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when / is a nice function (for instance, / G span{P^(cos^)}„eN or / is a smooth function 
with compact support on (0, vr)). 

It was proved in [1, Theorem 2.14] (when k = 1) and [2, Theorem 1.4] (when A; > 1) 
that the operator i?^ can be extended to LP{{0,7r),w{9)dmx{6)) as a bounded operator from 
LP{{0,TT),w{9)dmx{6)) into itself, when 1 < p < oo and w € A^, and as a bounded operator 
from L^{(0,TT),w{9)dmx{6)) into L'^'°°{{Q^Ti),w{6)dm\{0)), when w G A\. Here, for every 
1 < p < oo, by ^^ we denote the Muckenhoupt class of weights associated with the doubling 
measure dm\{6) on (0, vr). 

In this paper we prove that the k-th Riesz transform R^ is a principal value integral operator, 
for every /c G N. We extend [1, Theorem 2.13] where the result is shown for k = 1. 

Theorem 1.1. Let A > and /c € N. For every 1 < p < oo and uj G A^, we have that if 
f e LP{{0,Tr),w{e)dmx{e)) 

(2) R\f{e)=Yimr R'l{e,ip)f{ip)dmx{ip)+jkf{0), a.e. G (0,7r), 

£^0+ JO, |6»-<^|>e 



where 



Rtie,^) = ^ 1^ ^Px{r,e, ^)(^log^^ r^-'dr, e,ip e {0,7t), 

k 

and 7/fc = 0, when k is odd, and 7^ = (— 1) 2 , when k is even. 

The complete proof of this theorem is presented in Section 2. It is a crucial point in the 
proof the estimates established in Lemma 2.1 below. We prove in this lemma that in the local 
region, that is, close to the diagonal {6 = if}, the kernel R\{9,(f) differs from the kernel of 
the fc-th Euclidean Riesz transform by an integrable function. Also, we show that far from 
the diagonal R\{0, (p) is bounded by Hardy type kernels. 

Suppose that {T£}£>o is a family of operators defined on LP{Q, fi), for some measure space 
(il,^) and 1 < p < 00, such that for every / G L'p{Q,ij,) there exists l[m^^Q+ T,, f (x) , /U-a.e. 
X G il. It is an interesting question to measure the speed of that convergence. In order to 
do this it is usual to analyze expressions involving differences like {T^f — T^/|, e,r/ > 0. The 
oscillation and variation operators defined as follows have been used for this purpose. The 
oscillation operator associated with {T£}e>o is defined by 

(00 
Y, sup \T,^^J{x)-T,J{x 

j_Q ti+l<£i+l<£i<ti 
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for a fixed real sequence {tijieN decreasing to zero. For every p > 2 the p- variation operator 
for {T£}£>o is given as follows 

(oo 
i=0 

where the supremum is taken over all real sequences {eijieN decreasing to zero. These op- 
erators appear in an ergodic context. In [3], [4] and [8] the L^-boundedness properties for 
the oscillation and variation operators were studied when Tg, e > 0, represents the truncated 
Hilbert and higher dimensional Riesz transform, and Euclidean Poisson semigroup (see also [6] 
and the references therein). The corresponding results for the truncated ultraspherical Riesz 
transform were established in [1, Theorem 8.3]. We also measure the speed of convergence in 
(2) in terms of variation and oscillation operators for the corresponding truncated operators. 
Next result is an extension of [1, Theorem 8.3] for the higher Riesz transform R^. 



Theorem 1.2. Let A > and A: G N. For every e > we define by R\^ the e-truncation of 



R\ as follows 



Rie{m)= I Riie,^)fi^)dm,{^). 



0,|6»-^|>e 

k 



If {ti}iizfi is a real decreasing sequence that converges to zero, the oscillation operator 0{{R^ ^}) 
is a bounded operator from L^{{0,TT),dmx{ip)) into itself, for every 1 < p < oo, and from 
L^ {{0,7:), dm x{(p)) to L^''^{{0,TT),dmx{ip)). Also, for every p > 2, the variation operator 
Vp{{R\i,}) is bounded from L^ {{0,7r), dm x{(p)) into itself, for every 1 < p < oo, and from 
L^{0,TT),dmx{ip)) to L^'°^{{0,TT),dmx{ip)). 



We remark that the representation of the k-th. Riesz transform R^ as a principal value 
integral operator will allow us to investigate weighted norm inequalities for i?^ involving a 
class of weights wider than the Muckenhoupt class considered in [2]. This question will be 
studied in a forthcoming paper. 

Troughout this paper by C we always denote a positive constant that can change from one 
line to the other one and i,j represent nonnegative integers. 

2. Proof of Theorem 1.1 

In [2, Theorem 1.5] it was established that, for every /c G N, the k-th Riesz transform i?^ 
is a C alder on- Zygmund operator in the homogeneous type space {{0,TT),\.\,dmx{9)). Then, 
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according to [7, Theorem 9.4.5] the maximal operator R^ ^ given by 

i?t(/) = sup|i?t(/)l> 

e>0 

where R^^ is defined as in Theorem 1.2, is bounded from L'^{{0,TT),w{6)dmx{9)) into itself, 
when 1 < p < CO and w G A^^, and from L^{{O,7r),w{0)d'mx{O)) into L^'°° {{0, tt) , w{9)d'mx{9)) , 
when w ^ A\. Suppose we have proved that, for every / G C^(0, vr), there exists the limit 

(3) T^Um = \iTn r Rl{e,ip)f{ip)dmxiip), a.e. 0g(O,^), 

e^0+ Jo, |6»-</p|>e 

and that T^f = R\f — 'ykf- Then, L^-boundedness properties of the maximal operator R^ ^ 
imply that the limit in (3) exists for almost all 6 € (0, vr), for every / G L^HO, TT),w{9)dmx{9)), 
1 < p < oo, and w G A^. Moreover, by defining T^ in the obvious way on L*'((0, TT),w{9)dmx{9)), 
1 < p < oo, T^ is a bounded operator from L^((0, vr), w{9)dmx{9)) into itself, when 1 < p < oo 
and w G A\, and from L^{{{),'K),w{9)dmx{9)) into L^'°^((0,7r),it)(6')dmA(6')), when w G A\. 
Hence, by [2, Theorem 1.4], we conclude that, for each / G LP{{0,TT),w{9)dmx{9)), 1 < p < oo, 

RlUm = lim r R'i{9,ip)f{ip)dmxiip)+^kfi9), a.e. 9 G (0,7r), 

£^0+ Jo, |6»-<^|>£ 

and the proof of this theorem would be finished. 
Let now / G C^(0, vr) and A; G N . We can write 

Lf^m = Ein + Xr'a^^if) iff '°f .^11 , ^e(0,vr). 

n=0 lKnlCOS-j||^2((o,^)_^^^(9)) 

Then, since / G C~(0,7r), L'^^f G C~(0,7r) (see [9, (2.4) and (2.6)]). We will see that 
—L^-^f{9) = hm / f{^)R\{9,^) dmx{^)+7kf{9), a.e. 9 G (0,^), 



where 



^A(^,V^) = ^(^j[^'-'(log^)' 'Pxir,9,^)dr\, 9,^G{0,7r), 



A r fl - r^Vsintr-^"^ 

Px{r,9,^) = - / ->^ dt, rG(0,l),e,^G(0,7r), 

vr Jo (1 ~ 2r(cos t^ cos 99 + sm t^ sm 99 cos t) + r^)'^+^ 

and 7fc = 0, when k is odd, and 7^ = (—1)2, when k is even. 
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As in [2] we introduce the following useful notation: 

a = sin 6* sin (p, a = cos 6* cos 99 + a cost = cos{6 — ip) — a{l — cost), 

b = -^a = — sin cos 99 + cos 6* sin 99 cos t = — sm{6 — ip) — cos 6* sin 99(1 — cost), 

A^ = 1 - 2rcos(6l - 99) + r^ = (1 - rf + 2r(l - cos(6l - 99)), A = Ai, 

Dr = l-2ra + r'^ = Ar + 2ra{l - cos t). 

We divide the proof in several steps. 

Step 1. We prove in the following that for every ^ = 0, . . . , /c — 1, 



(4) 
being 



±^Ljf{e)= I f{^)Rl'\e,^)dmx{p^), 0G(O,7r), 



R'/io,^) 



1 



r(.) 70 ^"^ [''' r 



iXfe-l Qi 



de^ 



Pxir,e,ip)dr, 9,^£i0,7r). 



(5) 



Let ££N,0<i<k — 1. Our objective is to establish that 

' (sin(p)-2^-i, ie,ip)€Ar, 

<C( ——. .. .„ {9,ip)eA2, e^ip; 

{9, if) G^3; 



r1'\9,^) 



(sin6'sin99)'^y^|6' - ip\ ' 
_ (sin0)-2^-i, 



where Ai,i = 1, 2, 3, are the sets in the next figure: 

vr, 




Figure 1 
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According to [2, Lemma 3.5] we have that 



(6) 



where ce^s,i,j 7^ only if 
(7) 






Q. 



s,«J 






s = 1, . . . ,£, j >2s — £, and i + j = s. 



Moreover, by using the di Faa di Bruno's formula ([11, Theorem 2]), we can see that, for every 
i G'N, s = l,...,i, and i + j = s, 

f_l\s+j+a{ki,...,ki) 



(8) 



Q. 



s,t,J 



2Hls\Y, 



A;i!---A;^!l!^i2!'=2---^!'=^' 
where the sum is over all different solutions in nonnegative integers ki, ...,ki of the system 

ki+ k2-\ \- ki = s 

ki + 2k2 + .: + eki = £ 

Z^r par ^r = I 
2-^r impar '' ■J 



and 



Q 



{ki, ..., ki) = ^(r - l)(/c2r-i + k2r) + me, 



being mi = 0, if £ is even, and mi 



r=2 

{i~l)ke 
2 ' 



when i is odd. 



We define, for every s,i,j satisfying (7), 



Mi,s,i,jiO,ip) 



1 f-TV 



.*+i+A-l iQ, 



1 



fc-1 



(1-r 



2 a*fr^(sint)2^-i 



'0 JO \ f, 

In order to obtain (5) it is then sufficient to see that 

(sin(y9)"2-^"\ 



D^+^+' 



dtdr, 9,(p £ (0,7r). 



(9) 



\Mi^s,iA<^,^)\<C{ 



1 



(sin 6^ sin 99) -^ y^\9 - ip\ 






for each s,i,j satisfying (7). 
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Moreover, by the symmetry of the Figure 1 and since 

M^,M,i(7r-^,vr-(^) = {-iyMi^,^,^j{e,ip), e,ipe (0,7r), 



when s,i,j are as in (7), we can assume that (^,95) G (0, §) x (0, vr). 

Let us fix s,i,j verifying (7), 9 G (0, ^) and ip € (0,7r). By proceeding as in [2, Lemma 3.6], 
and using that log ^ ~ 1 — r, as r — )■ 1~, and Dj. > C, r €^ (0, ^), we get 



\Me,s,i,ji0,ip)\ < 



i^r^ni--i-^)^"<-^='^^^^iP^- 



< C I / r^-^ (log- 1 dr + 



fc-i 



,^_ ,msint) 



2A-1 



D^+^+' 



dtdr 



< 



c^./fa-o^M^... 



It can be seen that, if (q, /3) G [0, vr] x [0, tt], z G (0, 1) and a < z/3, then there exists C > 
such that sin(/3 — a) > minjsin /3, sin((l — z)/3)} > C sin /3, and that, if (a, /3) G [0, tt/2] x [0, vr] 
and ^ < /? < ^, then sin |/3 — a| < sin a and sin a ~ sin/3. These considerations allow us to 



write 



(10) |6P' < C{\ sin(6' - V3)P' + (sinv^^) < C < 



sin(6'-v3)P', 99<|or99>f, 



(sin (fY 



2 — r — 2 • 



2 ' 



Then, since 1 — cos a > (sina)^/7r, a G [0, vr], we obtain, when 97 < | or 99 > ^ 

"1 r-i ^\k \ 



\M,^s,^,j{<^,^)\ < c\i + {sm\e-^\y 



< c { 1 + {sm\e - ^\y 



l-r 



1 A-^ 

2 ^'■■ 



-dr 



A+s+l 

r I 

1 (A + (1 - r)2)^+^+i 



dr 



(11) 



< c(i+'-"'i''-^i'v^., "!::,... ,f.. 



< c 



AA+^ 7o (1 + n2)A+.+i 



1 



< Cl 



(sin |0- (^1)2^+1 
sin(^)~2^~-^, 
2A-1 



sin( 



9^>f, 



<^<|. 
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36» 



Suppose now that o^V'^^")^/'/^- O^i^ can write 



/ 1-rf ' ' ^ ,_^,i dtdr 

1 Jo Dr^+'+^ 



1 /-^ . ^sin|0-(^|p(sint)2^-i 

A+l+s 



<C\ 1^ j^ (1-r)^ ^"'"'" ^";^\":"-^ dtdr 



2-^2 -^'- / 8=1 



We analyze the first integral. By making two changes of variables, as in [2, p. 1235], and by 
taking into account that 2s — j<i<k — 1 and that A = 2(1 — cos(^ — (p)) ~ (sin \6 — (/j|)^ ~ 
{9 — ip)'^ we get 



^ fc r (sint)2^-i 



m^) < C(sinie-^iyl^(l-rrj^ -—l-^-—^,t4r 



2 
1 /•? f,.;^+\2\-l 



< C{sm\e-ip\y I (l-r)" r — ^^^^ -——dtdr 

^ ' ^'^ 'i ^ ^ _/(, (A^ + 2ro-(l-cost))^+i+* 



2 



fl fl y.2A-l 

< c(si„i«-^iyy^(i-r)'=y^ ____,,,, 

~ ^ ' '^ 7i A^+'+^vV (T ) Jo (l + n2)^+*+i 

^ (sin|g-y|y f 1 [l-rfs^i+V^ 
a^ J I (A+(l-r)2)i+s 

(sin|g-y|)J(VA)^^-^'+3/2 /■^^^2^-j+i^ 

^ (sin|g-v9|y p n2^-i+V2 
aMi+i io (l + ^2)i+s 

< C ' 



^VW^\ 
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For the second integral we write 



a"+^ Jh aI^'-^ 



< c(^^^ [' ji-rr-'^'^ ^^ 



(A + (l-r)2)i+^- 



"^ ^ !i ^ / T (i'U 



^A+f^l+.-f Jo (1 + ^2)1+^ 

< ^ (siny^y ^^ 1 

because sin ^ ~ sin ^p. Finally it has 



1 m 'sintf^-^ 

1 j| ' • (A,"T^A+i+s' 



< C^-^^r^-^^^dr<C- ' 



"+' h aI^'-' ^^VW^\' 



f^ ' 2 -^t Ar 
Then we conclude that ^2— 'P— \^^7^^^ 

m,.,,ie,^)\ <C[l+ l' [\l - r)'=M^;jg^dtdr ) < C- 



h -^0 



D^+'+' I - a^y^W^i 



that, jointly with (11), gives (9). 

We have proved that the integral in (4) is absolutely convergent. By analyzing carefully the 
above estimates we can also see that, for every -^ = 0, 1, ..., k — 2, R^' is a continuous function 
on (0, tt) X (0, vr). Then, we conclude (4), for every ^ = 0, 1, ..., k — 1. Note that when i = k — 1 
to prove (4) we need to use distributional arguments (see Lemma 4.2 in Appendix). 

Step 2. We now study the kernel 



Rxio,^) 



A d'' 



' [^ \ i(. ^\^-^r-, 2. r (sint)2^-i 



dtdr 
-i-i 

r 



7rT{k) de'' 
for 9,(p G (0, vr). We get estimates which are better than the ones obtained in (5) 
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Lemma 2.1. Let \ > and fc G N. Then, 



11 



Rxio,^) 



0((sin(^)-(2A+i))^ 

(sin ^ sin 99)'*' 
0((sin^)~(2A+i))^ 



(sin if) 



2A+1 



1 + 



simp 



y^\ 



(9, if) £Ai; 
i6,^)eA2, e^ip; 



where 



1 d'' 



«"<"•") = 2;fw»i„ 1'°^? 



1 



fe-i 



1-r^ 



1 — 2r 008(6* — 99) + r^ 



11^. 



Proof. Since i?^ (0,99) = (-l)'=i?^(^ - e,^ - 99) andi?^(0,(^) = (-l)^i?^(7r - 0, ^ - 99), 0,99G 
(0, vr), we can assume {9, p) G (0, 1) x (0, vr). 

When (6*, c/9) G Ai U ^3, we can argue as in the proof of (11), for i = k, and thus we get 



\Rxio,v)\ 



^^^^ Y^ Ck,s,i,jMk,s,i,ji0,(p) 



<C I 



j>2s-k 

i+j=s 



(smp)-'^^-^, p>f, 



(sin^)-2^-i, p< 



We now consider 2 ^ ^ ^ \ ^^^d ^p j^ 9- First we write 



R'lio,^) 



TrT{k) 



1 />7r /-l- 



+ 



V^ 



+ , 

Jl-^JQ 



.A-1 



log' 



fe-1 



fl-r^ 



(12) 



d'' (sint)2^-i , , 

X TT7T1 TTT — dtdr 

89^ D^+i 

^ [/f(^,V.)+/f(^,(^) + /f(0,9.)]. 



■KT{k) 



k,3r 



Let us decompose L' {9,(p) as follows, 



/a''(^,V^) 



r^-i ( log - 



k-l 



:i-r' 



gk 



2 / (sin t 



,2A-1 



t 



2A-1 



1)^+1 (A, + rat2)A+i 



dtdr 



k-l 



(13) 



r^-M log 
1-^ V r 



Jt{e,p) + Ki{9,^). 



(l-r^) 



t 



2A-1 



g^ 



39^ Jo (A,. + mt2)A+i 



dtdr 
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Moreover, we observe that by making the change of variable u 



t 



2A-1 



(A^ + rcrt2) 



A+1 



dt 



CO fOO 



t 



2A-1 



i i (A^ + mt2)A+i 



dt 



oo ^2A-1 



-du 



t 



2A-1 



A+1 



{ra)^Ar Jq (1 + m2)A+i-- J^ { Ar + rat^) 

1 roo J.2A— 1 

/ Tii ^KYTrdt, rG(0, 1). 

Jn (Ar + rcrt2)A+i ^ ' ^ 



dt 



2A(rcr)^A, 



Then, Leibniz's rule leads to 



K'xi0,v) 



2A 



]_Y'^ d^f 1 (l-r2)^(ir 



de''\a>^ Ar 



r^-Mlog- 
i_^ V r 



k-l 



a-r' 



gk 



t 



2A-1 



2Xa^ 



r- > ^°S - 

v^ \ r 



1 t^ /A;\ a'^-" / 1 



2\^^ \nj de^-'" \o^ 

n=0 



ae'^ Vl (A^ + rcTf2)A+i 
fc-1 Qk (x_r'^^s.r 

W" Ar ~ 

1 



dtdr 



i_v:zV°^^y' 361" A^ 7" 



1 / 1 

r^-Mlog- 

_ v^ V r 



fc-i 



fl-r^ 



t 



2A-1 



gfc 



a^'^ 7^ (A^ + rat^) 



A+1 



dtdr. 



We observe that 
(14) i^,^(^,v.) = ^R\9,^) + Y,K'/{e,^), 



7rT{k) 



where 



k','H9,v) 



2\a' 



1-^/ 1 

log- 

V '^ 



fe-l Clfe 



a'^ (1 - H) dr 
'80^ Ar T 



K 



A (^' 



1 ^ fk\ d 



n=0 ^ ' 



k~n 



1 



56/fc-n I o-A 



1 / 1^'^ 5" (l-r2) dr 
i_v^V ^^/ 9^ A^ 7" 



and 



irf(0,v.) 



v^ 



r^~^ ( log - 



fc-i 



'l-r' 



t 



2A-1 



^fc 



ae'^ J^ {Ar + rat2) 



A+1 



dtdr. 



tKP, 



Thus, according to (12), (13) and (14), to establish our result we must analyze I-^ {9,ip), 
/3 = 1, 2, 4(6, y,) and K^^^ie, 99), /3 = 1, 2, 3. 
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Let US consider first I^' {9, (p). We will see that 



Let s = 1, . . . ,k, j > 2s — k and i + j = s. We define 

According to (6) it is then sufficient to obtain (15) when I^'^-A9,Lp) replaces to I^' {9,ip). 
By proceeding as in Step 1, using (10), since D^ > C, for < r < 2, and Dr > (A^. + a), for 
^ < r < 1 and t G (f, vr), it has 

< g(i+(°->')'/.' (A,.'^;;L. '"') 



2 



A/ 4 



/ -[^ /.(XD 2s-j > 

< C 1 + ^ , , / ^-du 



^ 1 \ C sinip 

< C 1+ <^ ^7^^ 1+ ' ^ 



(sin (^)2^+i ^/W^\J ~ ("i^ '^)'^^' V V 1^ - '^l , 



rk,2, 



and 

We have that 


ueeu 111 a siiiiiicii way. <^uiiGiuci .^ 


> — ±, . . . , A., J ^ ^;> A., 

2 p a^^(sint)2^-i 


' ^ io Z?^^+i 



dtdr. 



1 / 1 \ fc-i /.i-^ 



i/t«(^'^)i ^ ^ r^'"'(^°^7) ^^+(^i^^)Vi ' Sf^^' 



2 

1-^ (l-r)2--^' \ C 



< CII + (sin^y I -^—J——dr < 



Hence, 



(16) |/a''(^,V^)I< 



(sin 99)2^+1 
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To estimate J^{6,ip) (see (13)), we write 
where 

,H,„ , /" Al/', i\'"\ 2.9" /■* (sill*)'*-' -("-', , 

and 



''>-'- /..^ '"'('- ^) ' "-''i^f'"" (5?^ - (A,., ■..)>.. 



To analyze J;^' (0, 99) assume, as above, s = 1, ..., k, j > 2s — k, and i + j = s and consider 

By using the mean value theorem and that |6p < C{\9 — ip\^ + (t^ sin (/9)-^ ) , t G (0, ^), we 
have 

/•I /-f |L|i^2A+l 

(17) \JI:.,/I)M\ < C^Jl-rfj^ ^SJT^-** 

- yi_^^ Wo (A, + at2)A+s+i 

We can obtain for each term in the last sum the following estimates. Firstly, 



\h:;,,{(^^^)\ < ^^AT^A.^^^X (TT^^F^'^^^' 



2 



Al,l.. ,,M / ^l^-^P /■' (1-0' rV^ «''+' 



< C^^ /^ (^-)^ . dr 



a^+i yl_^^(A + (l 



r)2)«-i+3 



1 fc+j 

< C^:^ /" (1 - r)'=-2^+^dr < C^^ < ^ 



cJ^+Vi-^ ~ 0-^+5 ~ (sin99)2A+ 



2A+1 ' 
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We also have 



Tfc,l,2 



^2A+2j+l 






dtdr 



a^+h+A Ji- 

fc+2 

< C . , < 



v^ 



c 



<T 



A+5 (sin 99) 



2A+1 • 



Thus we get by (6) 

(18) 



\j'x\0.^)\< 



C 



{sunpY'^+^ 



k,2, 



In the same way, and according to (6), to see the estimate for J^' {9, 99) we analyze 



•^Ai,,(^>V^) 



1- 



V^ 



a+^+j-1 lo 



1 



fc-1 



X / t 

'0 



2A-1 



a*^ 



(1-r^ 
^^5^' 



Y 1 dtdr, 



,1)^+^+1 (A^ + rat2)A+s 

for every s = 1, ..., k, j > 2s — k, and i + j = s. Here A = cos(^ — (p) — ^ and i? 
By using the mean value theorem we obtain, for t G (0, f). 



dA 



D^+'+^ {Ar + rcjt2)A+s+i 

1 



< 



< C 



1 



D^+'+^ (Ar + rcjt2)A+s+i 



+ 



(a^- A06^+A*(&'' - Bi) 



(A^ + rcjt2)A+^+i 



+ 



(A^ + rcjt2)A+s+2 (A^ + rcjt2) 



A+s+l 



< c 



\b\H^ 



+ 



W~'V^t^ 



,(A^ + c7t2)A+^+i (A^ + at2)A+«+i; ' 
where the second term in the two last sums does not appear when j = 0. Then, we write 



where 



and 



jk,2,l 



Jx:::i.(^'^) 



1- 



v^ 



n-r) 



I |6|it2A+i 



JxfLiO^^) = V^ J^-r) 



.^ 



(A^ + at2) 

|6p-lt2A+2 



A+.+l^*^^' 



(A, + <jt^) 



A+S+ 



J dtdr, when j > 1. 
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We observe that J^'s^i ,(^) '^) was already analyzed in (17). On the other hand, when j > 1, 
we can use that \b\^~^ < C{\6 — v^p""*^ + (t^ sin(^)-^~^), t G (0,^), and proceed as in the 
estimation of (17) to study J^^W ,•• Thus we get that 

By combining (18) and (19) we conclude that 

Finally we deal with Kl'^{e,<^), /3 = 1,2,3 (see (14)). 
By invoking (6) with t = and A = 0, it has that 

d^ ( l\_ r-+^(cos(g-y))^(-sin(g-yp))^- 

a^^l aJ "^'''•^'''^' Ai+^ ' ' 

where Q,s,j,j 7^ only if s = 1, ..., ^, j > 2s — i and i + j = s. 
Also, for every n = 0, ..., k — 1, 



(21) 



ptk—n , 1 



96'^""Vcr^ 



^-A-fc+n^^;„,„^-A ^ ^^-A-.^ 



< C(sine)-^-'=+"(sin93)-^ < Ca' 



Hence, by proceeding as above, to estimate K^ {0,ip), /3 = 1,2,3, it is sufficient to study 
the following integrals: 



<t.,#. .) ^ i f "^ ^--' (.0. 1) ('--)'-'^^)r^-'(^-^')- 



dr, 



when s = 1, ..., k, j > 2s — k and i + j = s; 



-t- (*... ^ |;;^(^) /:^.-' (.0.1)'- "-'"-"'^»:'-'^--»^ ^.-. 

for each n = 1, ..., A: — 1, s = 1, ..., n, j > 2s — n, and i + j = s; and 

/•I / 1 \ '^^l foo AiTjJM2X-l 

k'^LAOM= r^+^-+^-Mlog- (1-r^)/ 7.r^^^4,TT^rfidr, 



2 



when s = 1, ..., k, j > 2s — k, and i + j = s. Here, as before, A = cos{6 — tp) — ^ and B = ^. 
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Consider s = 1, ..., k, j >2s — k, and i + j = s. We can write 



l<l...(«..)l . Cl, r'r-'-^(^^S ^r,n^l^^Ipt^,r 



.1 / 1 \ fc-1 '•1-^ n "l^l 



(^ V A2 



2 



< C^ 1 + ^ < 



cr-^ I Y^ j (sin 99)2^+1" 

On the other hand, by using (21), for each n = 1, ...,k — 1, s = 1, ...,n, j > 2s — n, and 
i + J = s, we obtain 



^k,2,n 



f\^ r {l-rf 






\ifc — n 7il / , — ' 



- a^+Ui - (sin^)2A+iV|^-^| 



In a similar way we obtain 






sin 99)2^+1 W |0 — (/3| 

FinaUy, assume s = 1,. . . ,k, j > 2s — k, and i + j = s. By taking into account that 
\B\^ < Cit^sinfY and \A\' < C(l + aH^'), t > f, and the last formula in [10, p. 37], we 
obtain 



-1 foo Mm^p'tSA-i 



^fc,3 //) \ ^ /^ / n ^\k 



K^sUO,^) < C il-rf ' ' \,,,^..^, dtdr 



2 2 



< c<22#(/' fi^r °":;;:',. .w. 

'- 2 '^ 2 V Ar 



cjA+i+i V yi_ v^ (A + (1 - r)2)«-i yi_y5 



2 ^ ^ ' ' -^ 2 



< ci$^ t a - rf-'^^^^dr < c^^^y^":"' < ^ 



o-A+i+i 7^_^^ ~ 0-^+5+5 - (sinv3)2A+i- 
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Thus, we have obtained that 

3 n ( I '■ \ 



(22) El^A'>'^)l^7;— ^^XTT 1 + 



13=1 \ ^J \ V I Y-l 



By considering (12), (13), (14) and the estimations (15), (16), (20) and (22) we conclude 

2 — V-^ — 2 



that, when f<(^<¥, 6I/93 






a^ 



C I / sin 09 



(sin(^)2A+i I ' y |^_(^| I ' 
and the proof of Lemma 2.1 is finished. D 

Step 3. We now establish that the k-th. Riesz transform in the circle is a principal value 
integral operator, that is. 



^''^ dO^l ^^^Vo r'r) [ l-2rcosie-^) + r^ -'^^'^ 



2TTT{k) hm / f{y,)R''{e,y,)dip + f3kf{0), 



e->0+ Jo,\9-<fi\>e 

k 

for every 9 G (0, vr), and where /3fc = when k is odd, and /3k = 27r(— 1) 2r(/c), when k is even. 

Let us consider the function 

fl / 1 \ '^"l f)k-l / 1 - r^ \ fir 

H''{u)= log- _-_ __ ^_i _, u€R\{2k7r:k€Z}. 



jQ \ rj dbj^ ^ \1 — 2rcosa; + r2 j r 
Firstly we are going to analyze the behavior of H {w) when t/; — )■ 0"*". We have that 



a I 



1 / 1 _ ^2 



1 — r \ dr 



3 \ 1 — 2r cos w + r'^ ^ 
log(2(l-cosu;)), weR\{2k'K ■.ke'L]. 



Then, lim wH (w) = 0. 

Assume that /c G N, A: > 2. According to (6), it has 

H^{w) = V Ck-l,s,^A +/ 7— A^ ^^ ;^ l-r=^ log- ' 

_ ^-^ \Jo Jl I [i — 2r cos w + r^)''+^ \ 7 

jr>2s-A:-|-l 
i-|-j=s 

^ Cfc_i,,,,j (4%_,_/u;) + 4\,^,^/u;)) , weR\{2k7r:keZ}. 

s=l,...,k—l 
j>2s-k+l 

i+j=s 
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Let s = l,...,k — l,i + j = s,j>2s — k + 1. By using the dominated convergence theorem 
we obtain 



1™ -^LAi(^) = ^ 



0, 



1/2/ 1^-1 (l_^2ys-l 



dr, J = 0; 



and, when 2s — k + 1 < 0, 






0, 



log- 



l\^-l (l_^2ys-l 



I A/2V rj (l-r)2(«+i) 
Assume now 2s — A; + 1 > 0. We have that 

Then, 



dr, J = 0. 



1+^2)^+1 



du<C\w\^+^^''-2, yjQ(-Tr,TT)\{0}. 






and if J > 2s — A; + 1, 



hm h. „ ,• Aw) = 0. 

-til— 5>0 



k,s,i,j 



Also, if J = 2s — A; + 1 > (as wiU be the case if k is even), by using mean value theorem 
it follows 



w^0+ ' ' '•' 



-2 lim 



w)-s>0+ \ W 



smtf 



2s-fc+l 



2w U 



(l+t/2)«+l 



(ii( 



^k 



/ k -\- 1 /c — 1 ' 

"Vo (i + n2)^+i^^ = -^(^'^-^;' 



where B(x,y), x,y > 0, represents the Beta Euler's function. 

By combining the above estimates we conclude that lim wH (w) = 0, when k is odd. 
Assume now that k is even. In this case we obtain that 



lim H'^{w) 

W)-5>0+ 



*L_1 

2 -^ r-l 



l\fe-i(l-r2)r*-i , 
log - I — .^, . ,, dr 



r) (i_r)2(s+i) 



fc-i 



//c + 1 A:-l 

^ CA:_l,s,A:-s-l,2s-fc+l-Dl — ' ^S 
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By taking into account (8) and the duplication formula for the Gamma Euler's function, 
we can write 



lim H'^[w) 

«I-5>0+ 



"ink))' 



E 



{-iy+'{k-i)\s\ 



2k~2s-i(^2s - k + l)l{k - s - 1)\ 



„,fc + l k-l 
B[ — - — ,s — 



k-l 

E 



k .„.,.. 2 2 1 



-lp7r{T{k)y 



2fc-2r(|) A.(2s-fc + l)(fe-s-l)!(5-|)! 2'=-2(r(|))2 f 



E(-i; 



r 2 



#-l\ 1 



2r + l 



(-l)2vr(r(fe)) 



2 /•! 



(l-t2)2-idt = (-l)27rr(A:). 



2'=-2(r(|))2 7o 

By proceeding as in Step 1 we can see that 



d''^ 



1 f-TT 



dO^-^.k ^^^Vo r^r 



k-l 



1-r' 



1 — 2r cos(0 — ip) + r'^ 



, dr , 
1 — d(/9 



(24) 

It is clear that 



/((^) / flogi 
Jo \ r 



a^^Vl-2rcos(0-,,)+r2-VV^'^' ^^°'''^- 



^^-Wo ^^^Vo l^°^r 



fe-i 



l-r^ 



l)^d^ 



1 — 2r cos(^ — 99) + r^ 



where /(v?) 



/((/?), (^G[0,7r) 



0, ^G(-vr,0) 

Also, since -ff'^ G L^(— 7r,7r), we have that. 



and/((^) = /(<^ + 27r), 99GIR. 



^ r /(99)i?'^(^ - ^)d^ = ^ r /> - ^)^'Mrf^ = r ^/> - «)i^'(^)rf« 



- lim 



J-Tv.\u\>e "^ 



- lim [f{d-u)H\u) 

e-s>0" 



+ 7(0 - n)F'=(n) 



d 



f{e-u)^H^{u)du 
du 

f{e-u)^H^{u)du 
du 



lim [f\e - 7:)H'{7t) - f{e - e)H'{e) + f{e + e)H\-e) 



/(0 + 7r)if'=(-7r) 



7r,|M|>£ 



f{e-u)-^H''{u)du), 0G(O,7r) 
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Since the function H^ is even when k is odd and H^ is odd when k is even, we conclude that 

-^ r f{^)H\e - ip)d^ = lim r fi^) (^H^) {e - ip)dip 

d^ Jo e^0+J-7r,\e-^\>e \du ) 

- hni(fie + e)-f{e-e))H'{e)= lim T f(^)±H''{e-ip)dip, 9 € {0,7t), 

£^0+ e-^0+ Jo,\e-^\>e 96 



when k is odd, and 

= lim if (9 + e) + fie - e))H\e) + lim T fiv)^H\e - ip)dip 

^ - r _, , d ., 



= 2fie)i-l)-2 7rTik) + lim / fi^) H'ie - ^)d^, 9 G (0, n), 

£^0+ J0,|6»-</p|>£ Cy 

when A; is even. 

Step 4. We now finish the proof of Theorem 1.1. We firstly write, according to (4), 

jfe— 1 fc riT piT r>k,k—l(Q .\ 



where, for every 9,ip £ (0, vr). 



27rr(A;) Jo V ^7 S^^^-i V^ " 2r cos(6l - (p) + r 
Moreover, by (23) and (24) we have, for every 9 € (0, vr), 



^6*70 (sin6lsin99)^ ^^^ 27rr(A;) d6' V(sin6l)^ 

^d^io (^^M^io r^r) Vl-2rcos(e-v.)+r2-VV^"'^^\ 
Acos^ r ^(^).i?^.^-i(^,^)dm.(^)+ ^ ^ 



sin0)^+iyo (sinv?)^ ' '^' ^'^' 27rr(A;) (sin^)^ 

^ ^ /o (il^T^ io V' r J Vl-2rcos(0-c,) + r2 " ^ V^^^^^^^ 
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A COS 6* f^ f(ip) ^kk-^/r. N, / N 



+ — ^ lim r JM^R\e, ^)dmx{v) + 7,/(e), 

where the integral after the last equal sign is absolutely convergent and 7^ = 0, if /c is odd 

k 

and 7fc = (—1)2, when k is even. 

A careful study of Lemma 2.1 and again a distributional argument allow us to justify the 
differentiation under the integral sign (see Lemma 4.2 in Appendix) to get 

(26) 

where all the integrals are absolutely convergent. 
By combining (25) and (26) we conclude that 

dO Jq (sin 6 sin (p) 

e"-^"o+yo,|e->p|>/''''"^''' "''"'"'"'''' £'-^'o+yo,|e-v'|>e'"'''(sin6'sin(/9) 



+ 3Z / fi^)7—^—by:dmx{^) 
lim, / f{ip)Ri{e,^)dmx{^)- lim, /" /(^)_i:_^^lJ^dmA((p) 



(smyj^+^ Jo (smc^)-^ «c7 Jo (smt'smc/?)'^ 

= lim r f{^)R'{{e,^)dmxW)+lkf{e), a.e. G (0,7r). 

Thus the proof of Theorem 1.1 is complete. 

3. Proof of Theorem 1.2 
In order to show Theorem 1.2 we need to improve Lemma 2.1 as follows, 

Lemma 3.1. Let A; G N. If R^ and A2 are defined as in Lemma 2.1, then 



for a certain M^ G M. Moreover, Mk = provided that k is even. 
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fiffk \ A„ ) -Z^'^fe'^.^J Al+^ 



de'' \Ar 



s,«J 



A^^ 



where a = cos{9 — f), b = — sm{9 — ip), and Ck^s,i,j 7^ only if s = 1, . . . ,k, j > 2s — k and 
i+j = s. 

Note firstly that 

fe-i 



log- 
V r 



Also, we have 



fl-r" 



d 



1 



dr 



QQk \l + r'^ - 2r cos{e - Lp) 

1 (1 - rf\bY 



<C, e,ipe{0,7r). 



Jh \ ^J Ai+^ r - yi ((1 



r)2 + A) 



l+s 



dr 



< C- 



W 



A* 2+2 Jo 



2V^ li 



(l + u)2+2. 



-tin 



< C 



|6P 



27a u2s-i+| 



< C- 



A2 + 4 Jo 

1 



fl+n)2+2« 



du 



:, (0,(p) eA2, 9^p, 



provided that s = 1, . . . ,k, i + j = s, j > 2s — k. 

Assume now s = l,...,k,i + j = s,j = 2s — k. By using the mean value theorem we get 



1 



log- 
1 \ r 

2 



fc-i 



fl-r2 



r'^+Ja^Iyi dr 



A 



l+s 



(1-r)* 



'1 ((l-r)2 + A)i+' 
Moreover, since 2s — k > 0, 



-dra'V + O 



VW^\ 



(1-r)* 



dr 



1 



1 ((l-r)2 + A)i+^ A 



' 2"'"2 



u du 



,V9G^2, ^/95- 



u du 



and 



lali^l 



J /-oo 



u du 



2VA 



< c 



2v^ 



1 /"^ u^+hdu 



Al/4_/^ (1+U)2+^ 



c c 

< ^< r, e,peA2, 9^^. 



A4 |6l-(^|: 
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Also, if k is odd, we have that 

g-y (cos(g-y)r(-sin(g-y))i _ 1 ,o( ^ \ f) ^ ^ a f) ^ ^ 

A^-2 + 2 (2(l-cos(0-(^)))2 + 2 sm{e-ip) y\0_^p\2j 

By combining the above estimates we conclude that 

for a certain M^ € M, for every k odd. 
Assume now that k is even. We get 



a*6^ 1 / 1 \ 



A^-2+5 \sm{e-^)\ \\e-^\ 

Hence, from Lemma 2.1 we deduce that, for every 9,Lp £ A2, ^ if 



Rl{OM = M, ,^.^^,, ^.,L....... +Qf .... .'..... J i+ ^""' 



sin(^ — 99)|(sin0sin99)'^ V(sin6'sinc/?)-'*+i/2 V V \6 — ip\ 

By virtue of Theorem 1.1, M^ = because 

.39/2 -^ 

hm / -— r|(smv3) d^p, 



£ 



does not exist for every 9 G (0, '/r/2). D 

From Lemmas 2.1 and 3.1 we deduce that, 

(27) 

'0((sin^)-(2A+i)), (e,(^)GAi; 



Ri{0,^) = { 



^fe^7^ + ^b^^KJ^^)l(^,.).^.^^.; 



(sin^sinc^)'^ sin(0 — 99) \ (sin(/9)^'^+^ \ V 1^ ~ V'l 

O((sin0)-(2^+i)), (0,99) G A3. 
By using (27) we can prove Theorem 1.2 by proceeding as in the proof of [1, Proposition 8.1]. 

4. Appendix 

In this appendix we present the results we need about differentiation under the integral 

sign. We think that these results are wellknown but we have not found a exact reference (only 

the unpublished notes [5]). Then we prefer to include here a proof of the result in the form 

we use. We look for conditions on a function / defined on M x M in order that the formula 

d f f d 

■TT- / f{x,y)dy= / T7-f{x,y)dy, a.e. x G M, 

ox Jk J^ dx 
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holds. 

In the following we establish conditions on a function / in order that distributional and 
classical derivatives of / coincide. 

Lemma 4.1. Let — oo < a < b < +00. Assume that f is a continuous function on I x I, 

where I = (a, b), such that 

(i) For every y ^ I, the function ■^f{x,y)dy is continuous on I\ {y}, where the derivative 

is understood in the classical sense. 

(a) For every y ^ I and every compact subset K of I , I \f{x,y)\dx < +00, and 

Jk 



' K 

a 



df, . 



dx < +00. 



Then, Dxf{x,y) = -g^f{x,y), for every y £ I. Here, as above, Dxf{x,y) denotes the 
distributional derivative respect to x of f. 

Proof Let g G C^{I). We can write 
< D^f{x,y),g{x) > = - lim ( / + / ] g'{x)f{x,y)dx 

£-^0+ \Ja Jy+eJ 

= lirn^ -g{y-e)f{y-e,y) + g{y + e)f{y + £,y)+{j +/ \ g{x) — {x,y)dx 

[^ df 
= j 9{x)-^{x,y)dx, ye I. 

Then, D^fix, y) = g(x, y), y G /. D 

The differentiations under the integral sign that we have made in the proof of our results 
can be justified by using the following one. 

Lemma 4.2. Suppose that f is a measurable function defined on M x R that satisfies the 
following conditions: 

(i) for every compact subset K o/R, J"^ j^ \f{x,y)\dydx < 00, and 

(a) there exists a measurable function g onM. xM such that J^ J^ \g{x,y)\dydx < 00, for 
every compact subset K ofM, and that the distributional derivative Dxf{-,y) is represented by 
g{-,y), for every y G M. 

Then, 

d f f d 

^- / f{x,y)dy= / —-f{x,y)dy, a.e. x G M, 
ox Jm ./k dx 
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where the derivatives are understood in the classical sense. 

Proof. We define the function h{x) = J^f{x,y)dy, x G M. By (i) h defines a regular distri- 
bution that we continue denoting by h. According to [12, Chap. 2, §5, Theorem V], we have 

that 

d 

-Q-f{x,y) = g{x,y), a.e. (x,y) G M x M, 

where the derivative is understood in the classical sense. Moreover, if F € C^(M), then 

< a^h,F>= I F{x) [ ^{x,y)dydx. 

JR JR Ox 

Hence, Dxhix) = J^-^{x,y)dy in the distributional sense. By using again [12, Chap. 2, 
§5, Theorem V] we conclude that 

d f d 

-—h{x)= / ■—f{x,y)dy, a.e. x € R. 
ax 7iR ax 

Thus the proof is completed. D 

References 

[1] D. Buraczewski, T. Martinez, J. L. Torrea, and R. Urban, On the Riesz transform associated with the 

ultraspherical polynomials, J. Anal. Math. 98 (2006), 113-143. 
[2] D. Buraczewski, T. Martinez, and J. L. Torrea, Calderon-Zygmund operators associated to ultraspherical 

expansions, Canad. J. Math. 59 (2007), no. 6, 1223-1244. 
[3] J. T. Campbell, R. L. Jones, K. Reinhold, and M. Wierdl, Oscillation and variation for the Hilbert trans- 
form, Duke Math. J. 105 (2000), no. 1, 59-83. 
[4] J. T. Campbell, R. L. Jones, K. Reinhold, and M. Wierdl, Oscillation and variation for singular integrals 

in higher dimensions. Trans. Amer. Math. Soc. 355 (2003), no. 5, 2115-2137. 
[5] S. Cheng, Differentiation under the integral sign using weak derivatives, unpublished manuscript. 

http://www.gold-saucer.org/math 
[6] T. A. Gillespie and J. L. Torrea, Dimension free estimates for the oscillation of Riesz transforms, Israel J. 

Math. 141 (2004), 125-144. 
[7] L. Grafakos, Classical and modern Fourier analysis, Pearson Education, Inc., Upper Saddle River, N.J., 

2004. 
[8] R. L. Jones and G. Wang, Variation inequalities for the Fejer and Poisson kernels. Trans. Amer. Math. 

Soc. 356 (2004), no. 11, 4493-4518. 
[9] B. Muckenhoupt, Transplantation theorems and multiplier theorems for Jacobi series, Mem. Amer. Math. 

Soc. 64 (1986), no. 356. 
[10] B. Muckenhoupt and E. M. Stein, Classical expansions and their relation to conjugate harmonic functions, 

Trans. Amer. Math. Soc. 118 (1965), 17-92. 



ULTRASPHERICAL RIESZ TRANSFORMS 27 

[11] S. Roman, The formula of Faa dt Bruno, Amer. Math. Monthly 87 (1980), 805-809. 

[12] L. Schwartz, Theorie des distributions, Hermann, Pan's, 1973. 

[13] E. M. Stein, Topics in harmonic analysts related to the Littlewood-Paley theory., Annals of Mathematics 

Studies, No. 63, Princeton University Press, Princeton, N.J., 1970. 
[14] G. Szego, Orthogonal polynomials, fourth ed., American Mathematical Society, Providence, R.I., 1975, 

American Mathematical Society, Colloquium Publications, Vol. XXIII. 

Departamento de Analisis Matematico, Universidad de la Laguna, Campus de Anchieta, Avda. 
AsTROFisico Francisco Sanchez, s/n, 38271 La Lacuna (Sta. Cruz de Tenerife), Spain 
E-mail address: jbetEaico@ull.es; jcfarina@ull.es; lrguez@ull.es 



Departamento de Matematica, Universidad Nacional del Sur, Avda. Alem 1253 - 2 Piso, 8000 
Bahia Blanca, Buenos Aires, Argentina 
E-mail address: ricardo.testoiii@uns.edu.ar 



